Abstract. Let (N, J) be a real 2n-dimensional nilpotent Lie group endowed with an invariant complex structure. A left-invariant Riemannian metric on N compatible with J is said to be minimal, if it minimizes the norm of the invariant part of the Ricci tensor among all compatible metrics on (N, J) with the same scalar curvature.
Introduction
Let N be a real 2n-dimensional nilpotent Lie group with Lie algebra n, whose Lie bracket will be denoted by µ : n × n −→ n. An invariant complex structure on N is defined by a map J : n −→ n satisfying J 2 = −I and the integrability condition By left translating J, one obtains a complex manifold (N, J), as well as compact complex manifolds (N/Γ, J) if N admits cocompact discrete subgroups Γ, which are usually called nilmanifolds and play an important role in complex geometry. A left-invariant metric which is compatible with (N, J), also called a hermitian metric, is determined by an inner product ·, · on n such that JX, JY = X, Y , ∀X, Y ∈ n.
A very natural evolution equation for hermitian metrics on a fixed complex manifold (N, J) is given by d dt ·, · t = −2 ric c ·,· t , which will be called the complexified Ricci flow (cxRF), where ric c ·,· t := Ric c ·,· t ·, · is the (1, 1)-component of the Ricci tensor and Ric c ·,· t the J-invariant part of the Ricci operator of the hermitian manifold (N, J, ·, · t ).
The cxRF has been studied in [L1] , where besides the uniqueness of cxRF-solitons up to isometry and scaling on a given (N, J), the following characterizations were given:
(i) ·, · is a cxRF-soliton.
(ii) ·, · is minimal, that is, it minimizes the functional tr(Ric c ·,· ) 2 on the set of all compatible metrics on (N, J) with the same scalar curvature. (iii) Ric c ·,· = cI + D for some c ∈ R and D ∈ Der(n). In [RV] , we determined which 6-dimensional abelian (i.e. µ(JX, JY ) = µ(X, Y )) complex nilmanifolds admit a minimal metric. In [FC2] , Fernández-Culma gives a criterion for determining the existence of a minimal compatible metric for a geometric structure on a nilpotent Lie group, which is based on the moment map of a real reductive representation (see Section 3).
Our aim in this paper is to use equivalence (iii) above and the criterion given in [FC2] to classify all complex structures admitting a minimal compatible metric on 6-dimensional nilpotent Lie groups. In some cases, we found the minimal metrics explicitly. A complete classification result is given in Tables 1 and 2. 
Preliminaries
Let n a 2n-dimensional real vector space, and consider the space of all skew-symmetric algebras of dimension 2n, which is parameterized by the vector space V = Λ 2 n * ⊗ n = {µ : n × n → n : µ bilinear and skew-symmetric}.
We now fix a map J : n → n such that J 2 = −I. There is a natural linear action of Lie group GL n (C) := {g ∈ GL 2n (R) : gJ = Jg} on V defined by
and the corresponding representation of the Lie algebra gl n (C) of GL n (C) on V is given by
Any inner product ·, · on n determines inner products on V and gl n (C), both also denoted by ·, · , as follows:
where {e i } denote an ortonormal basis of n and β * the conjugate transpose with respect to ·, · .
We use gl n (C) = u(n) ⊕ h(n) as a Cartan decomposition of gl n (C), where u(n) and h(n) denote the subspaces of skew-hermitian and hermitian matrices, respectively. The set a of all (real) diagonal n × n matrix in gl n (C) is a maximal abelian subalgebra of h(n) and therefore determines a system of roots ∆ ⊂ a. Let Φ denote the set of roots. If Je 2i−1 = e 2i , i = 1, . . . , n, then Φ is given by
If {e 1 , . . . , e 2n } is the basis of n * dual to the basis {e 1 , ..., e 2n }, then
is a basis of weight vectors of V for the representation (3), where v ijk is actually the bilinear form on n defined by v ijk (e i , e j ) = −v ijk (e j , e i ) = e k and zero otherwise. The corresponding weights α k ij ∈ a, i < j, are given by
If Je 2i−1 = e 2i , it is easy to check that
where E r,s denotes the matrix whose only nonzero coefficient is 1 at entry rs.
Minimal metrics on complex nilmanifolds
Let N be a real 2n-dimensional nilpotent Lie group with Lie algebra n, and J an invariant complex structure on N . A left invariant metric which is compatible with the nilmanifold (N, J), also called a hermitian metric, is determined by an inner product ·, · on n such that JX, JY = X, Y , ∀X, Y ∈ n. We consider Ric 
where ·, · ′ runs over all compatible metrics on (N, J) and sc( ·, · ) = tr Ric ·,· = tr Ric c
is the scalar curvature. In [L1] , the following conditions on ·, · are proved to be equivalent to minimality:
is self-similar, in the sense that ·, · t = c t ϕ * t ·, · for some c t > 0 and one-parameter group of automorphisms ϕ t of N . In this case, ·, · is called a cxRF-soliton.
(ii) There exist a vector field X on N and c ∈ R such that
where L X ·, · denotes the usual Lie derivative. (iii) Ric c ·,· = cI + D for some c ∈ R and D ∈ Der(n). The uniqueness up to isometry and scaling of a minimal metric on a given (N, J) was also proved in [L1] , and can be used to obtain invariants in the following way. If (N, J 1 , ·, · 1 ) and (N, J 2 , ·, · 2 ) are minimal and J 1 is equivalent to J 2 (i.e. if there exists an automorphism α of n satisfying J 2 = αJ 1 α −1 ), then they must be conjugate via an automorphism which is an isometry between ·, · 1 and ·, · 2 . This provides us with a lot of invariants, namely the Riemannian geometry invariants including all different kind of curvatures. In [RV] , we used this to give an alternative proof of the pairwise non-isomorphism between the structures which have appeared in the classification of abelian complex structures on 6-dimensional nilpotent Lie algebras given in [ABD] , where condition (iii) is strongly applied.
Example 3.1. For t ∈ R, consider the 3-step nilpotent Lie algebra h 11 whose bracket is given by µ t (e 1 , e 2 ) = e 4 , µ t (e 1 , e 3 ) = −e 5 , µ t (e 1 , e 4 ) = (t − 1)e 6 , µ t (e 2 , e 3 ) = −te 6 . Let
A straightforward verification shows that J is a non-abelian complex structure on N µt for all t (N µt is the (simply connected) nilpotent Lie group with Lie algebra (h 11 , µ t )), and ·, · is compatible with (N µt , J). It is easy to see that Ric c µt = cI + D for some c ∈ R, D ∈ Der(n) if and only if t = 0 or t = 1. Condition (iii) now shows that ·, · is not minimal for t > 1.
The problem of finding a minimal metric can be very difficult. In [FC2] , Fernández-Culma gives a criterion for determining the existence of a minimal compatible metric for a geometric structure on a nilpotent Lie group. We will apply such result in the complex case.
We follow the notation of Section 2 for a fixed complex structure J on N . Set A = exp(a) and consider W a A-invariant subspace of V . It follows that W has a decomposition in weight spaces
with weights Ψ W = {α 1 , . . . , α r }. 
From an algebraic point of view, there is a condition on the basis of a Lie algebra that gets a subspace J-nice, based on the simplicity of the corresponding set of structural constants. Namely, a basis {X 1 , . . . , X n } of n is said to be nice if [X i , X j ] is always a scalar multiple of some element in the basis and two different brackets [X i , X j ], [X r , X s ] can be a nonzero multiple of the same X k only if {i, j} and {r, s} are disjoint. It is easily to check that if W admits a nice basis, then W is J-nice (see [LW] for other application).
Let us denote by R(µ) the ordered set of weights related with µ to the action of GL n (C) on V . It is clear that R(µ) is the orthogonal projection onto a of the weights related with µ to the action of GL 2n (R) on V . We denote by U µ the Gram matrix of (R(µ), ·, · ), i.e. Example 3.5. By using the notation of Example 3.1, we will now prove that (N µt , J) does admit a compatible minimal metric for all t > 1. Let .
Since X = ( , we conclude that (N µt , J) does admit a minimal metric for all t > 1, by Theorem 3.4 (see Table 1 ).
Example 3.6. Consider the 2-step nilpotent Lie algebra (h 5 , µ st ) given by µ st (e 1 , e 2 ) = 2e 6 , µ st (e 1 , e 3 ) = −e 5 , µ st (e 1 , e 4 ) = −e 6 , µ st (e 2 , e 3 ) = −e 6 , µ st (e 2 , e 4 ) = e 5 , µ st (e 3 , e 4 ) = 2se 5 + 2te 6 , with s ≥ 0, t ∈ R, 4s 2 < 1 + 4t. We have that (N µst , J) is a non-abelian complex nilmanifold for all s, t, where J is given as in (8) for all s = 0, t = 0. Since α 1 − α 2 ∈ Φ, Φ as in the above example, Corollary 3.3 does not apply. Anyway, it is straightforward to check that Ric c (g · µ st ) ∈ a for all g ∈ A, and so W is J-nice. Hence Table 1 ).
Example 3.7. We consider the 4-step nilpotent Lie algebra (h + 26 , µ) defined by µ(e 1 , e 2 ) = e 5 , µ(e 1 , e 3 ) = ±e 6 , µ(e 1 , e 5 ) = −e 3 , µ(e 2 , e 4 ) = ±e 6 , µ(e 2 , e 5 ) = −e 4 . Therefore, (N µ , J) is a complex nilmanifold (see (8) Table 2 ).
Classification of minimal metrics on 6-dimensional nilpotent Lie groups
In this section, we use the classification of all complex structures on 6-dimensional nilpotent Lie groups given in [COUV] , to determine those admitting a minimal hermitian metric. Recall that in [RV] , we was analyzed the abelian case and therefore we do not study it here.
Next we illustrate how to rewrite the complex structure equations appearing in [COUV] on the Lie algebra h 2 , in a way that the complex structure J be fixed and varies the bracket. Let Je 1 = e 2 , Je 3 = e 4 and Je 5 = e 6 (J view in the dual h * 2 , recall that (Jα)(x) = −α(Jx) for all α ∈ Λ 2 h * 2 ). With respect to the basis
the complex structure equations are dω 1 = dω 2 = 0, dω 3 = ω 12 + ω 11 + ω 12 + Dω 22 , with D ∈ C and ImD > 0. Here ω jk (resp. ω jk ) means the wedge product ω j ∧ ω k (resp. ω j ∧ω k ), where ω k indicates the complex conjugation of ω k . Let D = ReD+iImD = t+is, s > 0. It follows that
Therefore, Tables 1 and 2 ). Remark 4.2. In the notation used in [COUV] , the five exceptions above correspond to the following complex structures:
In Tables 1 and 2 , we are given explicitly the Lie algebras n, indicating the condition under which (N, J) admits a minimal compatible metric in the third column. In the last column, we added the condition under which the canonical metric ·, · (see (8)) is minimal, that is, the cases in which Ric c ·,· = cI + D for some c ∈ R, D ∈ Der(n).
with (s, t) satisfying one of: 
